
Theoret. chim. Aeta (Berl.) 5, 74 -78  (1966) 

An Improvement in the Calculation of Electron Repulsion Integrals 
in Pariser-Parr.l)ople Theory--Electron Interactions in Molecules 

KICHISUKE NISHII~OTO 

Department of Chemistry, Faculty of Science, Osaka City University, Osaka, Japan 

l~eceived March 25, 1966 

An improvement in the cMculation of electron repulsion integrals in Pariser-Parr-Pople 
theory has been made, considering the following two characteristic features associated with 
electron interactions in molecules; Firstly, a given a-electron moves in the sea of electron 
clouds consisted of a-electrons and other ~-electrons, which forms a polarizable dielectric 
medium. Secondly, in alternant hydrocarbons, z-electrons will be alternatively distributed to 
the "upper" and "lower" sides of molecular plane. The present idea is applied to SCF NO 
calculations of simple hydrocarbons. Calculated results for singlet and triplet transitions 
energies, and first ionization potentials are in good agreement with experimental data. 

Bei der Berechnung der Elektronenwechselwirkungsintegrale im Rahmen der PPP- 
Theorie wird eine Verbesserung angegeben, die folgende Charakteristika betrifft: t .  Ein gege- 
benes s-Elektron bewegt sich im Feld der fibrigen ~- und z-Elektronen, die ein polarisierbares 
elektrisches Medium bilden; 2. in alternierenden Kohlenwasserstoffen sind die z-Elektronen 
abweehselnd auf der Ober- und Unterseite der Molekiilebene verteilt. Diese Idee wird auf 
SCF MO t~eelmungen yon einfachen Kohlenwasserstoffen angewandt. Die Ergebnisse yon 
Singulett- und Triplettfibergangsenergien und IonisierungspotentiMen stimmen mit den expe- 
rimentellen Daten gut fiberein. 

On a am61io% le eMcul des int@grales de %pulsion 61ectronique duns la th~orie de Pariser- 
Parr-Pople en prenant en consid@ration les deux aspects earaet6ristiques suivant de Finger- 
action 61eetronique duns les mol6eules. Premi~rement, un ~lectron z donn@ se d6plaee duns 
lamer  des nuages 61ectroniques des 61eetrons a e t  des autres 61eetrons ~, qui forme un milieu 
di61ectrique polarisable. Deuxi~mement, duns les hydroearbures Mternants, les @Ieetrons 
seront alternativement distribu~s sur les c6t6s sup@rieurs et inf6rieurs du plan mol~eulaire. 
Cette idle est appliqu@e s des ealculs SC~ 3IO d'hydrocarbures simples. Les r6sultats des 
eMeuls pour les 6nergies de transition singulet et triplet et pour les premiers potentiels d'ioni- 
sation song en bon accord avee les don6es exp6rimentales. 

Introduction 

The usefulness of  the  Pa r i se r -Pa r r -Pop le  t heo ry  [20, 24] is r ap id ly  increas ing 
wi th  the  deve lopment  of  large digi ta l  computers .  This t h e o r y  includes two k inds  
of  basic  pa ramete rs ,  e lectron repuls ion integral ,  y ~  = S ~0~ (l)(e~/rls)q~ (2)dr ,  
and  core integral ,  f l~ = S ~0~ (1) Hcore ~0~ (i)  dv, where % is the  2p~ AO centered 
a t  ~- th  a tom.  Several  me thods  of ca lcula t ing these in tegra ls  have  been p roposed  
[16, 19, 21]. N ~  approx ima t ion  [18] for Yz~ has  been ob ta ined  f rom the  following 
procedure ;  Ys~ m a y  be expressed b y  y,~ = e ~ G (R~)/F (R,~), where G (Rs~) and  
F (Rs,) are the  some funct ions of in te ra tomic  dis tance  R ~  be tween /~- th  a n d  r - th  
a toms.  F i r s t  app rox ima t ion  migh t  be y ~  = e ~ (Rs~ + b)/(R~ + aRs~ + c), because 
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there is a restriction that at qui~e large distance Ys, : e~lRs, �9 Using three benzene 
singlet transition energies and Pariser-Parr approximation, Fn = I - - A ,  the 
coefficients were determined as b -- c = 0 and a = e2/(I - A) ,  or Y,, = e2/(Rs, + a). 
This NXVI expression is useful for the calculations of singlet transition energies and 
bond lengths of various hydrocarbons and heteroatomic systems [2, 19]. IIowever, 
this expression is not adequate for the calculations of triplet energies. 5Ioreover, 
the physical meaning of /7  + a is not clear. 

The purpose of this paper  is to propose a more reasonable method for the 
calculation of ys~'s and to apply it to some simple hydrocarbons. 

Method 

I n  order to improve N1VI expression, the following facts should be taken into 
account; Firstly, a given x-electron moves in the sea of electron clouds consisted 
of a-electrons and other ~-electrons, which forms a polarizable dielectric medium. 
According to the theory of dielectrics [3], the repulsion energy between two 
electrons in a dielectric is given by E = e2/(s r12), where s is the dielectric constant 
of the medium, r~2 is the intereleetron distance. For an interaction in micro dimen- 
sion, e should be replaced by  the square of refractive index, n, of the medium. 
Consequently, Fay should be given by  

~ ,  = e~/(n*~ r~) 

where n* means the effective refractive index which may  vary  with interatomic 
distance. Secondly, the electron correlation must  be taken into account. Abernant  
molecular orbital method [15], split p-orbital method [5, 7, 8, 9, 10], and extra- 
ordinary function [25] were proposed for this purpose. They pointed out tha t  the 
electrons in a ~-system have a tendency to stay on opposite sides of the x-nodal 
plane. In  benzene, six x-electrons are uniformally distributed. Probably, three of 
them are on the upper side of the molecular plane, and other three are lower side 
of this plane. Generally, in alternant hydrocarbons, z~-electrons will be alternatively 
distributed to the "upper"  and "lower" sides of the molecular plane. According to 
DZwAmSA~LLI [10], },~, should be written by  the form 

where superscripts u and l denote upper and lower lobes of 7~-orbitals. Coefficients 
C 1 and C 2 are connected by  C 1 + C~ = I each other. Pariser-Parr replaced the 
normal integrals )Js~ everywhere by  the yu~ corresponding to interactions between 
electrons on opposite sides of the nodal plane of the x-electron system [10]. How- 
ever, it may  be more reasonable to consider tha t  Yl~ and Y~4 in benzene are the 
repulsion integrals between opposite sides electrons, whereas Y13 is associated with 
the same side electrons. Therefore, two types of the two center repulsion integrals 
should be defined. They are as follows; 

ul ~X~ = e2/(~'2 ~12 ) 

In  this paper, intereleetron distances are given by 

~ = V4 ,  + RL and ~r~ = (V~) (VhL + R;~ + 2 R~) 



76 Kio~ISVXE NISHIMOTO : 

where a~  is the characteristic constant for •-v pair and is expressed by the valence 
state ionization potential, I~,, as a,~ = (1[~) (at, + a~) and % = e~/I,. % may probably 
measure the average distance between the center of g-th core and an electron 
located at this core. l~ough application of above expressions to the four lower 
transitions, three of them are singlets and another is the lowest triplet, of benzene 
shows tha t  the valence state ionization potential of carbon 2pzc-orbital given by  
Hr~zE-gA~r~ [13] is not appropriate, because when their value (Ic = t1.16 eV) 
is used, a strange result, n* (R = 2.790/~) < n* (R = t.395 A) is obtained. The 
reason for this is probably they estimated the ionization potentials and electron 
affinities of the valence states of free atoms, but not of atoms in molecules. Proper 
value of Ic (2p~r) lies within the range between 8 eV and 10 eV. In  this paper, Ic  
has been estimated by  Ic = I ~  r~/rc, where Ir~ and ri~ are the ionization potential 
and van der Waals radii [22] of hydrogen atom, respectively, rc is the halfthiekness 
of aromatic hydrocarbons [22]. According to I t i x z ~ - J ~ r ~  [13], the electron 
affinity of carbon 2pu AO is nearly zero. Therefore, Y~l is given by Ic in this case. 
Then, 711 = Ic  = 9.60 eV and ac = 1.50 A are obtained, n .2 is expressed by  

n ,2  = n~ ( l  --  i/[k R~,, -t- n2o/(u~ -- l ) ] ) .  

no ~ and k are estimated from benzene spectrum as k = s and no ~ = i.828, or 
n *~ = i.828 (Rv, § i . i27)/(R~ -P 2.060). I t  is interesting to note that  the value 
of n* (R = oo) which is equal to n o is comparable with the refractive indexes of 
aliphatie hydrocarbons. 

Resul ts  and Discuss ions  

SCF ~ 0  calculations of simple hydrocarbons based on the present idea, assum- 
ing equal bond distance of 1.395 A, have been carried out. For core integrals, the 
variable/5 approximation [19], 

where 

/7,~ = - 0 . 5 i  P ~  -- A 0 eV 

A 0 = 2.08 for ethylene, butadienes, and benzene 

A o = 1.92 for naphthalene,  

has been used, where P ~  is the bond order for ~-v pair. I t  is interesting to note 
tha t  according to Pariser-Parr-Pople theory, the total  ~-energy of ethylene at the 
infinite separation is given by 

E~ (R = co) = --  2 I~ + (1/2) 711 + 2/712- 

However, the value of E~ (R = c~) must  be equal to -- 2 Ic. Using ~11 = Ic  ---- 
9.60 eV, [712 is determined as /712 = -2 .40  eV, which is very close to the spec- 
troscopic value of -2 .59  eV. Therefore, the large part  of/Tu, will be at tr ibutable 
to the correction te rm associated with the overestimation of ionic structure in 
LCAO 1vie approximation. 

The calculated transition energies, first ionization potentials which are equal 
to the negative of the orbital energies of the highest occupied orbitais, and reso. 
nanee energies are shown in Tab. i. In Tab. 2, 7(,/s are given. 
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I t  is found from Tab. I that  the present 
idea gives satisfactory results for both 
singlet and ~riplet transition energies. 
Considerable improvement  is found in 
the result for ~La energy of naph- 
thalene. Electronic spectra of eyelopen- 
tadiene will be very similar to those of 
eis-butadiene. Transition energies of eye- 
]opentadiene are 5.2t eV [23] for lowes~ 
singlet and 2.5 eV [11] for lowest triplet, 
which are comparable with the present 
results. 

Table 2. Electron Repulsion Integrals, 
y~, and EJ]eetive t~eJractive Index, n* 

R~ (in -~) Ym (in eV) n *~ 

0 9.60 1 .o 
1.395 5.260 1.335 
2.416 3.885 a 1.447 
2.790 3.070 ~..477 
3.624 2.402 1.528 
4A85 2.167~ t.555 
4.832 t.855~ 1.58t 
5.030 t.728 1.587 

upper-upper repulsion 

I t  should be noted tha t  the present 
parameters give good results for first 
ionization potentiasl of the hydrocarbons. 

According to BRICKSTOCK-t)OPLE [4], 
the resonance energy is given by the 
negative of the difference between the 
total  s-energy of the actual system and 
the corresponding energy of the hypo- 
thetical system represented by  one of 
its classical structures. The calculated 
resonance energies given in Tab. I are 
almost twice of the experimental values. 
In  order to calculate accurate reson- 
ance energy, the compression energy 
and energies associated with the change 
in hybridizations should be known. 
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